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EXCERPT

Diagram for the computation by the Engine of the Numbers of Bernoulli.  See Note G. (page 722 ef seq.)
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NoTte G.—Page 689.

It is desirable to guard against the possibility of exaggerated ideas that might arise as to the powers of the
Analytical Engine. In considering any new subject, there is frequently a tendency, first, to overrate what we
find to be already interesting or remarkable; and, secondly, by a sort of natural reaction, to #ndervalue the
true state of the case, when we do discover that our notions have surpassed those that were really tenable.

The Analytical Engine has no pretensions whatever to originate any thing. It can do whatever we know how
to order it to perform. It can follow analysis; but it has no power of anticipating any analytical relations or
truths. Its province is to assist us in making avazlable what we are already acquainted with. This it is calcu-
lated to effect primarily and chiefly of course, through its executive faculties; but it is likely to exert an zndi-
rect and reciprocal influence on science itself in another manner. For, in so distributing and combining the
truths and the formulz of analysis, that they may become most easily and rapidly amenable to the mechani-
cal combinations of the engine, the relations and the nature of many subjects in that science are necessarily
thrown into new lights, and more profoundly investigated. This is a decidedly indirect, and a somewhat
speculative, consequence of such an invention. It is however pretty evident, on general principles, that in de-
vising for mathematical truths a new form in which to record and throw themselves out for actual use, views
are likely to be induced, which should again react on the more theoretical phase of the subject. There are in
all extensions of human power, or additions to human knowledge, various collateral influences, besides the
main and primary object attained.

To return to the executive faculties of this engine: the question must arise in every mind, are they 7eally even
able to follow analysis in its whole extent? No reply, entirely satisfactory to all minds, can be given to this
query, excepting the actual existence of the engine, and actual experience of its practical results. We will

however sum up for each reader’s consideration the chief elements with which the engine works: —

1. It performs the four operations of simple arithmetic upon any numbers whatever.

2. By means of certain artifices and arrangements (upon which we cannot enter within the restricted space
which such a publication as the present may admit of), there is no limit either to the magnitude of the
numbers used, or to the number of guantities (either variables or constants) that may be employed.

3. It can combine these numbers and these quantities either algebraically or arithmetically, in relations un-

limited as to variety, extent, or complexity.

. It uses algebraic signs according to their proper laws, and developes the logical consequences of these

laws.

v

. It can arbitrarily substitute any formula for any other; effacing the first from the columns on which it is
represented, and making the second appear in its stead.

6. It can provide for singular values. Its power of doing this is referred to in M. Menabrea’s memoir, page

685, where he mentions the passage of values through zero and infinity. The practicability of causing it
arbitrarily to change its processes at any moment, on the occurrence of any specified contingency (of
which its substitution of (% cos.n+ 160+ % cos.n — 1 0) for (cos.nb. cos .f) explained in Note

E., is in some degree an illustration), at once secures this point.

The subject of integration and of differentiation demands some notice. The engine can effect these pro-
cesses in either of two ways:—

First. We may order it, by means of the Operation and of the Variable-cards, to go through the various steps
by which the required /zmit can be worked out for whatever function is under consideration.

Secondly. It may (if we know the form of the limit for the function in question) effect the integration or dif-
ferentiation by direct substitution. We remarked in Note B., that any sef of columns on which numbers are
inscribed, represents merely a general function of the several quantities, until the special function have been
impressed by means of the Operation and Variable-cards. Consequently, if instead of requiring the value of
the function, we require that of its integral, or of its differential coefficient, we have merely to order what-
ever particular combination of the ingredient quantities may constitute that integral or that coefficient. In
az™, for instance, instead of the quantities

Vo ViV, Vs
o
——
azx"
being ordered to appear on V3 in the combination az™, they would be ordered to appear in that of
n—1
anz" .
They would then stand thus: —
Vo Vi V, Vs
o
n % anz
—_
an wnfl

Similarly, we might have %m("ﬂ), the integral of a,,.

An interesting example for following out the processes of the engine would be such a form as
z" dx
T
or any other cases of integration by successive reductions, where an integral which contains an operation re-
peated 1 times can be made to depend upon another which contains the same 7 — 1 or n — 2 times, and
so on until by continued reduction we arrive at a certain #/timate form, whose value has then to be
determined.

The methods in Arbogast’s Calcul des Dérivations are peculiarly fitted for the notation and the processes of
the engine. Likewise the whole of the Combinatorial Analysis, which consists first in a purely numerical cal-
culation of indices, and secondly in the distribution and combination of the quantities according to laws
prescribed by these indices.

We will terminate these Notes by following up in detail the steps through which the engine could compute
the Numbers of Bernoulli, this being (in the form in which we shall deduce it) a rather complicated example
of its powers. The simplest manner of computing these numbers would be from the direct expansion of

az 1

5’5—1:1+w+x2 n z3
2 23 234

(1)
+ &c.

which is in fact a particular case of the development of’

a + bx + cx? + &c.
a + bz +cx? + &c.

mentioned in Note E. Or again, we might compute them from the well-known form

1.23....2n 1 1
Bt =2 2552 (g @)
or from the form
ln2n—1
2
1 2n
2n—1 L 4r
—(n-1) {1 50T
+2n + (Tl 2)211—1 {1 + 2_” + 1 . 2n(2n — ]_}
Bon1 = W 1 2 1.2 (3.)
( 2n  2n2n—1 ]
1+ =+
_ (n 3)2n—1 1 1.2
o« 1 2n.(2n—1).(2n —2)
2 1.2.3
AF oo

or from many others. As however our object is not simplicity or facility of computation, but the illustration
of the powers of the engine, we prefer selecting the formula below, marked (8.). This is derived in the fol-
lowing manner: —

Ifin the equation
2 z 6

z 1-24iE i By——
thiy By T B3 ase T

e 1 2 2 2.3.4

(4)

(in which B1, Bs..., &c. are the Numbers of Bernoulli), we expand the denominator of the first side in pow-
ers of z, and then divide both numerator and denominator by x, we shall derive

S

If this latter multiplication be actually performed, we shall have a series of the general form

T S
2 23 234

2 4
1= (1f§+B1‘”— +By——

2 2.34 (5)

1+Diz+Dyz? + D3z + .o (6.)

in which we see, first, that all the coefficients of the powers of x are severally equal to zero; and secondly,
that the general form for Dy, the co-efficient of the 2n + 1th zerm, (that is of z2n any even power of ), is
the following:—

1 _ 1 ) 1 B1 ) 1 Bs . 1 +‘
23...2n+1 2 23.2n 2 232n—1 234 232n-3 (1)
I T L PSSP = W
2.3.456 23...2n—5 2.3...2n

Multiplying every term by (2.3 . . . 2n), we have

_ 1 . 2n — 1 4B, (2_71,) B, (2n.2n7 1.2n72) n
2 2n+1 2 2.3.4
+B5<2n.2n71.........2n74)+”“+B271 (8)
2.3.4.5.6 n

which it may be convenient to write under the general form:—

0=A0+A1B1 +A3Bs+AsB5+... +Bop-1....... (9)

Ay, Aj, &c. being those functions of n which respectively belong to By, B3, &c.

We might have derived a form nearly similar to (8.), from D2n—1 the coefficient of any odd power of z in
(6.); but the general form is a little different for the coefficients of the odd powers, and not quite so

convenient.

On examining (7.) and (8.), we perceive that, when these formule are isolated from (6.) whence they are de-
rived, and considered in themselves separately and independently, n may be any whole number whatever; al-
though when (7.) occurs as one of the D's in (6.), it is obvious that 1 is then not arbitrary, but is always a cer-

tain function of the distance of that D from the beginning. If that distance be = d, then

d—
2n+1=d,andn = (for any even power of T.)

d
2n =d,andn = 2 (for any odd power of x.)

It is with the independent formula (8.) that we have to do. Therefore it must be remembered that the condi-
tions for the value of 1 are now modified, and that 7 is a perfectly arbitrary whole number. This circum-
stance, combined with the fact (which we may easily perceive) that whatever n is, every term of (8.) after the
(n+ 1)th is = 0, and that the (n + 1)th term itself is always = By, 1 - % = B,,,_1, enables us to find
the value (either numerical or algebraical) of any 72th Number of Bernoulli By, 1, 27 terms of all the preced-
ing ones, if we but know the values of By, B3 . . . Baj,—3. We append to this Note a Diagram and Table, con-
taining the details of the computation for B7, (By, B3, B5 being supposed given).

On attentively considering (8.), we shall likewise perceive that we may derive from it the numerical value of
every Number of Bernoulli in succession, from the very beginning, ad infinitum, by the following series of
computations: —

1st Series.—Let n = 1, and calculate (8.) for this value of n. The result is B;.

2nd Series.—Let n = 2. Calculate (8.) for this value of n, substituting the value of B1 just obtained. The
result is Bs.

3rd Series.—Let . = 3. Calculate (8.) for this value of n, substituting the values of By, B3 before obtained.
The result is B5. And so on, to any extent.

The diagram” represents the columns of the engine when just prepared for computing Ban1, (in the case
of n = 4); while the table beneath them presents a complete simultaneous view of all the successive changes
which these columns then severally pass through in order to perform the computation. (The reader is re-
ferred to Note D, for explanations respecting the nature and notation of such tables.)

Six numerical data are in this case necessary for making the requisite combinations. These data are 1, 2,
n(= 4), By, B3, B5. Were n = 5, the additional datum By would be needed. Were n = 6, the datum By

would be needed; and so on. Thus the actual number of data needed will always be n + 2, for n = n; and
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out of these 1 4 2 data, (n + 2 — 3) of them are successive Numbers of Bernoulli. The reason why the
Bernoulli Numbers used as data, are nevertheless placed on Result-columns in the diagram, is because they
may properly be supposed to have been previously computed in succession by the engzne itself; under which
circumstances each B will appear as a result, previous to being used as a datum for computing the succeed-
ing B. Here then is an instance (of the kind alluded to in Note D.) of the same Variables filling more than
one office in turn. It is true that if we consider our computation of B7 as a perfectly #solated calculation, we
may conclude By, B3, Bs to have been arbitrarily placed on the columns; and it would then perhaps be
more consistent to put them on Vy, Vi, Vi as data and not results. But we are not taking this view. On the
contrary, we suppose the engine to be 77 the course of computing the Numbers to an indefinite extent, from
the very beginning; and that we merely single out, by way of example, one amongst the successive but dis-
tinct series’ of computations it is thus performing. Where the B's are fractional, it must be understood that
they are computed and appear in the notation of decimal fractions. Indeed this is a circumstance that
should be noticed with reference to all calculations. In any of the examples already given in the translation
and in the Notes, some of the data, or of the temporary or permanent results, might be fractional, quite as
probably as whole numbers. But the arrangements are so made, that the nature of the processes would be
the same as for whole numbers.

In the above table and diagram we are not considering the sigzs of any of the B's, merely their numerical
magnitude. The engine would bring out the sign for each of them correctly of course, but we cannot enter
on every additional detail of this kind, as we might wish to do. The circles for the signs are therefore inten-
tionally left blank in the diagram.

2n—1
T ont1e
Receiving Variable-cards belonging respectively to V4, V5, Vi, allow the result 27 to be placed on each of

Operation-cards 1, 2, 3, 4, S, 6 prepare f% Thus, Card 1 multiplies zwo into n, and the three
these latter columns (this being a case in which a triple receipt of the result is needed for subsequent pur-
poses); we see that the upper indices of the two Variables used, during Operation 1, remain unaltered.

We shall not go through the details of every operation singly, since the table and diagram sufficiently indi-
cate them; we shall merely notice some few peculiar cases.

By Operation 6, a positive quantity is turned into a negative quantity, by simply subtracting the quantity
from a column which has only zero upon it. (The sign at the top of Vg would become—during this
process.)

Operation 7 will be unintelligible, unless it be remembered that if we were calculating for n = 1 instead of
n = 4, Operation 6 would have completed the computation of By itself; in which case the engine, instead
of continuing its processes, would have to put B; on Vy;; and then either to stop altogether, or to begin
Operations 1, 2....7 all over again for value of n(= 2), in order to enter on the computation of Bg; (having
hovever taken care, previous to this recommencement, to make the number on V3 equal to wo, by the addi-
tion of unity to the former n = 1 on that column). Now Operation 7 must either bring out a result equal
to zero (if n = 1); or a result greater than zero, as in the present case; and the engine follows the one or the
other of the two courses just explained, contingently on the one or the other result of Operation 7. In order
fully to perceive the necessity of this experimental operation, it is important to keep in mind what was
pointed out, that we are not treating a perfectly isolated and independent computation, but one out of a se-
ries of antecedent and prospective computations.

Cards 8, 9, 10 produce f% . %Z—__&

again becomes a value after having passed from preceding values to zero. Vy; has sucessively been Vi,

+ B12—2" . In Operation 9 we see an example of an upper index which

V11, 2V11, OV11, 3V 155 and, from the nature of the office which V11 performs in the calculation, its index
will continue to go through further changes of the same description, which, if examined, will be found to
be regular and periodic.

Card 12 has to perform the same office as Card 7 did in the preceding section; since, if 7 had been = 2, the
11th operation would have completed the computation of Bs.

Cards 13 to 20 make Ag. Since Ag,,_; always consists of 2n — 1 factors, A3 has three factors; and it will be
seen that Cards 13, 14, 15, 16 make the second of these factors, and then multiply it with the first; and that
17, 18, 19, 20 make the third factor, and then multiply this with the product of the two former factors.

Card 23 has the office of Cards 11 and 7 to perform, since if  were = 3, the 21st and 22nd operations
would complete the computation of Bs. As our case is By, the computation will continue one more stage;
and we must now direct attention to the fact, that in order to compute A7 it is merely necessary precisely to
repeat the group of Operations 13 to 20; and then, in order to complete the computation of By, to repeat
Operations 21, 22.

It will be perceived that every unit added to 7 in Ban—1, entails an additional repetition of operations (13...
23) for the computation of By,,_1. Not only are all the operations precisely the same however for every such
repetition, but they require to be respectively supplied with numbers from the very same pairs of columns;
with only the one exception of Operation 21, which will of course need By (from V3) instead of B (from
V). This identity in the columns which supply the requisite numbers, must not be confounded with iden-
tity in the values those columns have upon them and give out to the mill. Most of those values undergo al-
terations during a performance of the operations (13....23), and consequently the columns present a new set

of values for the next performance of (13....23) to work on.

At the termination of the repetition of operations (13...23) in computing By, the alterations in the values on
the Variables are, that

V¢ = 2n — 4 instead of 2n — 2.

Vri=6............4.

Vig=00oreeee 1

Vi3 =Ag+ A;B; + A3B;3 + A;Bj instead of Ay + A;B; + A3B;

In this state the only remaining processes are first: to transfer the value which is on V13, to V245 and sec-
ondly to reduce Vg, V7, V3 to zero, and to add” oze to V3, in order that the engine may be ready to com-
mence computing Bg. Operations 24 and 25 accomplish these purposes. It may be thought anomalous that
Operation 25 is represented as leaving the upper index of V3 still = unity. But it must be remembered that
these indices always begin anew for a separate calculation, and that Operation 25 places upon V3 the first
value for the new calculation.

It should be remarked, that when the group (13...23) is repeated, changes occur in some of the upper indices
during the course of the repetition: for example, 3V would become *Vig and ® V.

We thus see that when 7 = 1, nine Operation-cards are used; that when n = 2, fourteen Operation-cards
are used; and that when > 2, twenty-five Operation-cards are used; but that no more are needed, however

great n may be; and not only this, but that these same twenty-five cards suffice for the successive computa-

Text and diagram in the public domain.

tion of all the Numbers from By to By, inclusive. With respect to the number of Variable-cards, it will
be remembered, from the explanations in previous Notes, that an average of three such cards to each opera-
tion (not however to each Operation-card) is the estimate. According to this the computation of By will re-
quire twenty-seven Variable-cards; B3 forty-two such cards; By seventy-five; and for every succeeding B af-
ter Bj, there would be thirty-three additional Variable-cards (since each repetition of the group (13...23)
adds eleven to the number of operations required for computing the previous B). But we must now ex-
plain, that whenever there is a cycle of operations, and if these merely require to be supplied with numbers
from the same pairs of columns and likewise each operation to place its result on the same column for every
repetition of the whole group, the process then admits of a cycle of Variable-cards for effecting its purposes.
There is obviously much more symmetry and simplicity in the arrangements, when cases do admit of re-
peating the Variable as well as the Operation-cards. Our present example is of this nature. The only excep-
tion to a perfect identity in all the processes and columns used, for every repetition of Operations (13...23)
is, that Operation 21 always requires one of its factors from a new column, and Operation 24 always puts its
result on a new column. But as these variations follow the same law at each repetition, (Operation 21 always
requiring its factor from a column oze in advance of that which it used the previous time, and Operation 24
always putting its result on the column oze in advance of that which received the previous result), they are
easily provided for in arranging the recurring group (or cycle) of Variable-cards.

We may here remark that the average estimate of three Variable-cards coming into use to each operation, is
not to be taken as an absolutely and literally correct amount for all cases and circumstances. Many special
circumstances, either in the nature of a problem, or in the arrangements of the engine under certain contin-
gencies, influence and modify this average to a greater or less extent. But it is a very safe and correct general
rule to go upon. In the preceding case it will give us seventy-five Variable-cards as the total number which
will be necessary for computing any B after Bs. This is very nearly the precise amount really used, but we
cannot here enter into the minutie of the few particular circumstances which occur in this example (as in-
deed at some one stage or other of probably most computations) to modify slightly this number.

It will be obvious that the very same seventy-five Variable-cards may be repeated for the computation of ev-
ery succeeding Number, just on the same principle as admits of the repetition of the thirty-three Variable-
cards of Operations (13...23) in the computation of any oze Number. Thus there will be a cycle of a cycle of
Variable-cards.

If we now apply the notation for cycles, as explained in Note E, we may express the operations for comput-
ing the Numbers of Bernoulli in the following manner:—

(L7)5(24525) « o v gives By = Istnumber; (n being = 1).
(17), (812), (24, 25) oo oo e Bs =2nd.....; (n....=2).
(1..7),(8..12),(13..23), (24,25) « o oo oo By =3d..... ;0 (n =3
(1.7), (8.12), 2(13..23), (24,25) « o+ voeeeee e B, =4th.....; (n....=4).
(L7082, (F1)" 2(13.230(2425) oo oeo oo Bopy =miho..;  (m....=n).

Again,

(1...7),(24,25), B(+1)"

limits 1 ton

{(1...7),(8.‘.12),E(n+2)(13...23),(24, 25)

limits 0 to (n+2)

}

represents the total operations for computing every number in succession, from By to By, inclusive.

In this formula we see a varying cycle of the first order, and an ordinary cycle of the second order. The latter
cycle in this case includes in it the varying cycle.

On inspecting the ten Working-Variables of the diagram, it will be perceived, that although the va/ue on any
one of them (excepting V4 and V5) goes through a series of changes, the office which each performs is in this
calculation fixed and invariable. Thus Vg always prepares the numerators of the factors of any A; V7 the
denominators. Vg always receives the (2n — 3)th factor of Ay, 1, and Vy the (2n — 1)ch. Vi always de-
cides which of two courses the succeeding processes are to follow, by feeling for the value of n through

means of a subtraction; and so on; but we shall not enumerate further. It is desirable in all calculations, so to
arrange the processes, that the offices performed by the Variables may be as uniform and fixed as possible.

Supposing that it was desired not only to tabulate By, B, &c., but Ag, A1, &c.; we have only then to ap-
point another series of Variables, V41, V42, &c., for receiving these latter results as they are successively pro-
duced upon V3. Or again, we may, instead of this, or in addition to this second series of results, wish to
tabulate the value of each successive tozal term of the series (8), viz: Ag, A1B1, A3B3, &c. We have then
merely to multiply each B with each corresponding A, as produced; and to place these successive products
on Result-columns appointed for the purpose.

The formula (8.) is interesting in another point of view. It is one particular case of the general Integral of the
following Equation of Mixed Differences: —

dZ

T2 (zn+1z2"+2) = (2n+1)(2n + 2)z"z™"

for certain special suppositions respecting z,  and n.

The general integral itself is of the form,
zo=f(n)-z+ filn) + fo(n) -1 + fs(n) - 23 + ...

and it is worthy of remark, that the engine might (in a manner more or less similar to the preceding) calcu-
late the value of this formula upon most other hypotheses for the functions in the integral, with as much, or
(in many cases) with more, ease than it can formula (8.).

Ao WLy Lo

1 The engine cannot of course compute limits for perfectly simple and uncompounded functions, except in this manner. It is
obvious that it has no power of representing or of manipulating with any but fiz:ze increments or decrements; and
consequently that wherever the computation of limits (or of any other functions) depends upon the direct introduction of
quantities which either increase or decrease indefinitely, we are absolutely beyond the sphere of its powers. Its nature and
arrangements are remarkably adapted for taking into account all fzzie increments or decrements (however small or large), and
for developing the true and logical modifications of form or value dependent upon differences of this nature. The engine may
indeed be considered as including the whole Calculus of Finite Differences; many of whose theorems would be especially and
beautifully fitted for development by its processes, and would offer peculiarly interesting considerations. We may mention, as
an example, the calculation of the Numbers of Bernoulli by means of the Differences of Nothing.

2 See the diagram at the end of these Notes.

5 Itis interesting to observe, that so complicated a case as this calculation of the Bernoullian Numbers, nevertheless, presents a
remarkable simplicity in one respect; viz., that during the processes for the computation of millions of these Numbers, no other
arbitrary modification would be requisite in the arrangements, excepting the above simple and uniform provision for causing
one of the data periodically to receive the finite increment unity.
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