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NOTES BY THE TRANSLATOR

- EXCERPT

Diagram for the computation by the Engine of the Numbers of Bernoulli.  See Note G. (page 7
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Here follows a repetition of Operations thirteen to twenty-three.
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NotE G.—Page 689.

Tt s desirable to guard against the possibility of exaggerated ideas that might arise a to the powers of the Analytical
Engine. In considering any new subject, there is frequently a tendency, first, to overrate what we find to be already
ineresing o remarablesand,secondl by a sort of natura econ, 0 ndeoale ch e st o hecse, when
that were al

that our

‘The Analytical Engine has no pretensions whatever to originate any thing. It can do whatever we know how to order
it to perform. Tt can follow analysis; but it has no power of anticipating any analytical relations or truths. Its prov-
ince is to assst us in making available what we are already acquainted with. This it i calculated to ficct primarily
and chiefly of course, dhrough s exccutive fculiess but it s ikely to exertan indirctand reciprocal influence on

. For, in so distributing and combining the truths and the formul of analysis, that
they may become most casily and rapidly amenable to the mechanical combinations of the engine, the relations and

the nature of many subjects in that science are necessarily thrown into new lighs, and more profoundly investi-
gated. This is a decidedly indirect, and a somewhat speculative, consequence of such an invention. It is however
pretty evident, on general principles, that in devising for mathematical truths a new form in which to record and
throw themselves out for actual use, views are likely to be induced, which should again react on the more theoreti-
cal phase of the subject. There are in all extensions of human power, or additions to human knowledge, various cal-
lateral influences, besides the main and primary object atained.

“To return to the exceutive faculties of this engine: the question must arise in every mind, are they really even able to
follow analysis in its whole extent? No reply; entirely satisfactory o all minds, can be given to this query, excepting
the actual existence of the engine, and actual experience of its practical results. We will however sum up for cach

reader’s consideration the chief elements with which the engine works:—

1. It performs the four operations of simple arithmeric upon any numbers whatever.

2. By means of certain artifices and arrangements (upon which we cannot enter within the restricted space which
such a publication as the present may admit of), there is no limit cither to the magnitude of the mumbers used,
or to the mumber of quantitis cither variables or constants) that may be employed.

3.1t can combine these numbers and these quantitis either algebraically or arithmetically, in relations unlimited

a5 to variety, extent, or complexity

these laws.

-

Te uses algebraic signs according to their props d developes the logical

It can arbitrarily substitute any formula for any o(her, effacing the first from the columns on which it is repre-
sented, and making the second appear in is stead.

o

It can provide for singular values. Its power of doing this is referred to in M. Menabrea’s memoir, page 685,
where he mentions the passage of values through zero and infinity. The practicability of causing it arbitrarily to
change its processes at any moment, on the oceurrence of any specified contingency (of which its substitution
of (} cos n+ 16+ § cos.n— 1 6) for (cos .nf. cos .6) explained in Note E., i in some degree an illustra-

tion), at once secures this point.

‘The subject of integration and of differentiation demands some notice, The engine can effect these processes in ¢i-
ther of two ways:—

First. We may order it, by means of the Operation and of the Variable-cards, to go through the various steps by
which the required imit can be worked out for whatever function is under consideration.

Sccondly. It may (if we know the form of the limit for the function in question) effect the integration or differentia-
tion by direct! substitution. We remarked in Note B., that any set of columns on which numbers are inscribed, rep-
resents merely a general function of the several quantities, unil the special function have been impressed by means
of the Operation and Variable-cards. Consequently, if instead of requiring the value of the function, we require
that o s ntegral r of s difrenil coeficent, wehave merly t orde whateve pardclar combinaton of che
In az”, for instance, instead of the quantities

q y
Vo ViV vy

-]

L=
being ordered to appear on V in the combination az”, they would be ordered to appear in that of

az"

anz"!.

They would then stand thus:—

Similarly, we might have 82("1), the integral of az,

of the engis be such a forn
2" dx
Va? —

o . ; . ;

R

orany other cases by ive red; an operation repeated n

times can be made to depend upon another which contains the same 7 — 1 or 71 — 2 times, and so on until by

 where an integral

continued reduction we arrive at a certain ultimate form, whose value has then to be determined.

“The methods in Arbogast’s Calcud des Dérivations are peculiarly fiteed for the notation and the processes of the en-
gine. Likewise the whole of the Combinatorial Analysis, which consists first n a purely numerical calculation of in-
dices, and sccondly in the distribution and combination of the quantities according to laws prescribed by these
indices.

We will terminate these Notes by following up in detail the steps through which the engine could compute the
Numbers of Bernoulli this being (in the form in which we shall deduce ir) a rather complicated example of its pow-
ers. The simplest manner of computing be from the dircct exp of

1
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which isin fact a particular case of the development of
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a+tbe+ca’ + &e.
o + Uz + 2t + ke,

and 50 on. Thus the actual nuomber of data needed will always be n + 2, for n = n; and out of these 1 + 2 data, (

T+ 2 — 3) of them are succe
nevertheless placed on Reselr-columns in the diagram, is because they may properly be supposed to have been pre-

Numbers of Bernoulli. The reason why the Bernoulli Numbers used as data, are

mentioned in Note E. Or again, we might compute them from the well-known form
viously computed in succession by the engineitself, under which circumstances each B will appear as a resulr previ
} @) ous to being used as a datin for computing the succeeding B. Here then s an instance (of the kind alluded to in
Note D.) of the same Variables filling more than one office in turn. It is true that if we consider our computation of

2n
T {1 tamt F +
or from the form By as a perfectly solated calculation, we may conclude By, B3, Bs to have been arbitrarily placed on the columns;
and it would then perhaps be more consistent to pu them on Vi, Vi, Vi as data and not results. But we are not
taking this view. On the contrary, we suppose the engine to be i the course of computing the Numbers to an indefi-
nite extent, from the very beginning; and that we merely single out, by way of example, one amongst the successive
bue distinct series’ of computations itis thus performing. Where the Bs are fractional, it must be understood that
they are computed and appear in the notation of decimal fractions. Indeed this s a circumstance that should be no-
ticed with reference o all calculations. In any of the examples already given in the translation and in the Nores,

+2n
@ et

By1=

T
20 2n2n -1

+EES some of the data, or of the temporary or permanent results, might be fractional, quite as probably as whole num-
1 2n(2n—1).n-2) bers. But the arrangements arc so made, that the natue of the processes would be the same as for whole numbers.

2 2 In the above table and diagram we are not considering the signs of any of the B's, merely their numerical magni-
te tude. The engine would bring out the sign for cach of them corectly of cotse, but we cannot enter on every addi-
tional detail of this kind, as we migh wish to do. The circls for the signs are therefore intentionally left biank in

the diagram.

or from many others. As however our object s not simplicity or faciliy of computation, but the illustration of the
powers of the engine, we prefer selecting the formula below, marked (8.). This is derived in the following manner:
}omd

Operation-cards 1,2, 3, 4,5, 6 prepare . Thus, Card 1 multiplies o into 1, and the three Receiving

Ifin the equation Variable-cards belonging respectively to Vi, Vo, Ve, slow the resle 2n to be placed on cach of these latter col-

umns (¢his being a case in which a triple receipt of the result is purposes); we -

.
-
+Bs33ane perindices of the two Variables used, during Operation 1, remain unaltered.

-1 234
‘We shall not go through the details of every operation singly,since the table and diagram sufficienly indicate them;
we shall merely notice some few peculiar cases.

(in which By, By.., &c. are the Numbers of Bernoull), we expand the denominator of the frstside in powers of z,

and then divide both numerator and denominator by &, we shall derive

iR ®

If this latter multiplication be acually performed, we shall have a series of the general form

1+ Dz +Dya? + Dya + ...

| 5 5 By Operation 6,4, q intoa ; by simply quantity from a col-
—5 B - “2 3at ‘umn which has only zero upon . (The gAY, e et =)

instead of n = 4,

©) Operation 6 would have completed the computation of B itself; in which case the engine, instead of continuing

Operation 7 will be unintelligible, unless it be remembered that if we were calculating for

its processes, would have to put By on Vag; and then cither to stop altogether, or to begin Operations 1, 2...7 all
in which we scc, st that all the cocfficients of the powers of 2 are severally cqual to zero; and sccondly, that the over again for value of (= 2),in order to enter on the computation of By; (having hovever taken care, previous to
general form for Dy, the co-effcient of the 21 -+ Lth rer, (chatis of @ any cven power of @), i the following:—

B 1 Bs 1

this recommencement, to make the number on V3 equal to fwo, by the addition of unity o the former n = 1 on

that column). Now Operation 7 must cither bring out a result equal to zero (if m = 1); or a result greater than

23. 2 232011234 23.2n-3" @ Zero, asin the present case; and the engine follows the one or the other of the two courses just explained, contin-
el Ly Be gently on the one or the other result of Operation 7. In order ully o perceive the necessity of this experimental op-
23456 23..2n-5 23..9m

eration, it is important to keep in mind what was pointed out, that we are not treating a perfectly isolated and inde-

Multiplying every term by (2.3... . 2n), we have pendent computation, but one out of  seris of antecedent and prospective computations.

Cards 8,9, 10 produce —} - 24
) comes a value after having passed from preceding values to zero. Vy has sucessively been °Vyy, Vi1, 2Vyy, OVyy,
3V 135 and, from the nature of the office which Vyy performs in the calculation, its index will continue to go

+ B1%*. In Operation 9 we see an example of an upper index which again be-

through further changes of the same description, which, if examined, will be found to be regular and periodic.
which it may be convenient to write under the general form: — Card 12 has to perform the same office as Card 7 did in the preceding section; since, if n had been = 2, the 11th

0= Ao+ AiBr + AsBs + AsBs + ...+ Bau 1. (9.) operation would have completed the computation of By.
Cards 13 to 20 make Ay. Since Ag,_; always consists of 2n — 1 factors, Ag has three factors; and it will be seen
that Cards 13, 14, 15, 16 make the second of these factors, and then multiply it with the first; and that 17, 18, 19,

20 make the third factor, and then multiply d prod

At Ay, &e. being those functions of 7 which respecively belong to B, By, .

We might have derived a form nearly similar to (8.), from Dy, the coeffcient of any odd power of @ in (6.); but
the general form is alitle different for the coeffcients of the add powers, and not quite so convenient.

fthe two fa
Card 23 has the office of Cards 11 and 7 to perform, since if . were = 3, the 21t and 22nd operations would com-
On examining (7.) and (8., we perceive that, when these formule are isolated from (6.) whence they are derived,
and considered in themselves separately and independently, 7. may be any whole number whatevers although when
(7.) occurs as one of the D's in (6
distance of that D from the beginning. If hat distance be = d, then
d

= % (for any even power of .)

plete the computation of B As our case is B, the computation will continue one more stage; and we must now
direct atention to the fact, that in order to compute Ay it is merely necessary precisely o repeat the group of

),itis obvious that ris then not arbitrary, but is always a certain function of the Operations 13 to 20; and then, in order to complete the computation of By, to repeat Operations 21, 22.

e will be perceived that every unit added to 7 in Ban 1, entails an additional repetition of operations (13..23) for
2n+1=dandn the computation of By, 1. Not only are all the aperations precisely the same however for every such repetition, but
g they require to be respectively supplied with numbers from the very same pais of colermns; with only the one excep-
2n = d,andn = 3 (forany dd power of ) tion of Operation 21, which will of course need By (from V) instead of By (from V). This identity in the cal-
tomns which supply the requisite numbers, must not be confounded with identity in the nalues those columas have
Itis with the independent formula (8.) that we have to do. Therefore it must be remembered that the conditions for
the value of 7 are now modified, and that 1 is a perfectly arbitrary whole number. This circumstance, combined
with the fact (which we may casily perceive) that whatever 1 is, every term of (8.) after the (n + 1)ch is = 0, and
that the (n + 1)th term itselfis always = By, - & = By, _y, enables us to find the value (either numerical or al-
‘gebraical) of any rch Number of Bernoulli By, 1, in terms of all the preceding ones,if we but know the values of
B1,Bs... Ban-g. We append to this Note a Diagram and Table, containing the derails of the computation for Br,
(By, By, B being supposed given).

upon them and give out to the mill. Most of those values undergo alterations during a performance of the opera-
tions (13...23), and consequently the columns present a new sct of values for the neat performance of (13...23) to

work on.
At the termination of the repetition of operations (13..23) in computing By, the alterations in the values on the
Variables are, that

Vi = 2n — 4 instead of 2n — 2.

V;=6. 4.

Vip=0. 1

Vis = Ao+ AiB1 + AsBs + AgBs instead of Ao + AiB1 + AsBs

On attentively considering (8.), we shall likewise perceive that we may derive from it the numerical value of cvery
Number of Bernouli in succession, from the very beginning, ad infinitum, by the following series of computa-
tions:—

In this state the are first to ison Vi, to Vags and secondly to re-
duce Vg, V7, Vg to zero, et gz Vi, in order that the engine may be ready to commence computing
By. Operations 24 and 25 accomplish these purposes. It may be thought anomalous that Operation 25 is repre-

But it must be remembered that thes

Ist Series.—Letn = 1, and caleulate (8.) for this value of m. The result is By .

2nd Series.—Let n = 2. Calculate (8.) for this value of 7, substituting the value of By just obtained. The result is

Bs sented as leaving the upper index of V stil indices always begin

Sed Series—Let . — 3. Caleulte (5 for chis value of i, sbstiating che valaesof B, By before obrained. The anew for a separate caleulation, and that Operation 25 places upon Vs the first value for the new caleulation

Operation-card)is the estimate. According to this the computation of By wil require twenty-seven Variable-cardss
Bj forty-two such cards; By seventy-five; and for every succeeding B after B, there would be thircy-three addi-
tional Variable-cards (since each repetition of the group (13..23) adds eleven to the number of operations required
for computing the previous B). But we must now explain, that whenever there is a cyle of operations, and if these

merely require to be supplied with numbers fyom the same pairs of calumns and likewise cach operation to place its
result on the same column for every reperition of the whole group, the process then admits of  cycle of Variable-
cards for effecting its purposes. There is obviously much more symmetry and simplicity in the arrangements, when
cases do admit of repeating the Variable as well s the Operation-cards. Our present example i of this nature. The
only exception to  perfect identity i all the processes and columns used, for every repetition of Operations (13
23)is,that Operation 21 always requires one of ts factors from a new column, and Operation 24 always puts ts re-
sult on @ new column. But as these variations follow the same law at each repetition, (Operation 21 always requir-
ing its factor from a column one in advance of that which it used the previous time, and Operation 24 always
putting its result on the column one in advance of that which received the previous result), they are casily provided
g group (or cyele) of Variable-cards.

for in arrangin

card: into use to each

We may here remark that the averag three Variabl peration, s not to be
taken as an absolutely and lierally correct amount for all cases and circumstances. Many special circumstances, ei-
ther in the nature of a problem, or in the arrangements of the engine under certain contingencies, influence and
modify this average to a greater or less extent. But it a very safe and correct general rule to go upon. In the preced-
ing case it wil give us seventy-five Variable-cards as the total number which wil be necessary for computing any B
after Bg. This s very nearly the precise amount really used, but we cannot here enter into the minutie of the few
particular circumstances which oceur in this example (as indeed at some one stage or other of probably most com-
putations) to modify sightly this number.

It will be obvious that the very same seventy-five Variable-cards may be repeated for the computation of every suc-
ceeding Number, just on the same principle s admits of the reperition of the thirty-three Variable-cards of
Operations (13...23) in the computation of any one Number. Thus there will be a e of a cele of Variable-cards.

IF we now apply the notation for cycls, as explained in Note E, we may express the operations for computing the
Numbers of Bernoulli in the following manner:—

(1.7 gives By = Istnumber; (1 being = 1).
(1.7), (8..12), (24,25) By =2nd.....; (n....=2)
(1.7), (8...12), (13..23), (24, 25) ... =3).
(1.7),(8...12), 2(13..23), (24, 25, ... =4)

(L7)(8..12),5(+1)" 2(13..23),(24, 25)

........... Byt =mth....; (n....=n)

Again,

..12), B(n + 2)(13

Timits 040 (n

(1...7), (24,25), B(+1)" {(1..1),(3

limits Lton

23), (24, 25)}

represents the total operations for computing every number in succession, from B to Ban 1 inclusive

In this formula we s a tarying cyce of the frst order, and an ordinary cycle of the second order. The latter cycle in
this case includes in it the varying cycle.

On inspecting the ten Working Variables of the diagram, it will be perceived, that although the salee on any one of
chem (exeptng Vi and V) gos through s of changes, e ffe which each pcr(‘orms is i this calculation

fised and Thus Vg prey
ways reccives the (2n — 3)th factor of Azn1, and Vo the (2n — 1)th. Vo always decides which of two courses

the muomernators ofany A; V; Vgl
the succeeding processes are to follow, by feeling for the value of n through means of a subtraction; and so on; but
we shall not enumerate further. It is desirable in all calculations, so to arrange the processes, that the offies per-
formed by the Variables may be as uniform and fixed as possible

Supposing that it was desired not only to tabulate By, By, &, but Ay, Ay, &c.; we have only then to appoint an-
other sries of Variables, Vi1, Via, &c., for receiving these latter resulfs as they are successively produced upon V1.
Or again, we may, instead of this, or in addition to this second serics of results, wish to tabulate the value of each
successive otal term of the seies (8),viz: Ag, A1 By, AgBy, &e. We have then merely to multiply cach B with each
corresponding A, as produceds and to place these successive products on Result-columns appointed for the
purpose.

“The formula (8. i interesting in another point of view I i one particular case of the general Integral of the fol-
lowing Equation of Mixed Differences:—

41- (A.,,ﬁ"*?) = 2n+1)(2n +2)z"2™

for certain special suppositions respecting 2, 2 and .
“The general integral iselfis of the form,

zm=f(n) 2+ fi(n) + foln) -2+ fon) - 2% 4

and it is worthy of remark, that the engine might (in a manner more or less similar to the preceding) calculate the
value of this formula upon most orber hypothescs for the functions in the integral, with as much, or (in many cases)
with more, ease than it can formula (8.).

AL L

1 fecly chis manner. It s obvious chat

i d

computation ofimits (or of any
indeinicly, , pred for caking
il arge), and for i R

resultis B. And so on, to any extent. Tt should be remarked, that when the group (13...23) is repeated, changes occur in some of the upper indices d

¢ course of the repetition: for example, *V won ecome *Vg and *
The diagram” represents the columns of the engine when just prepared for computing By 1, (in the casc of n = e R e Wb et Ve

ds are

this narure. T 2
I 5 ly Fully fi F— d would offer
i Fihe Numbers of th

We thus sce that when 1 = 1, nine Operation-cards are used; that when 1 = 2, fourteen Ops
useds and hat when 71 > 2, twenty-five Operation-cards are used; but that no more are needed, however great 1

4); while the table beneath them presents a complete simultancous view of all the successive changes which these
columns then severally pass through in order to perform the computation. (The readeris referred to Note D, for ex-
may be; and not only this, but that these same twenty-five cards suffce for the successive computation of all the
cards, it will be bered, from

planations respecting the nature and notation of such tables.)
Numbers from B to Ban 1 inclusive. With respect to the number of 7.

2 Sce the diagram atthe end of these Nores
3 he Bernoulian Numb el Kabl
e “millions of these Numb

other arbitrary

Six numerical data are in this case necessary for making the requisite combinations. These data are 1, 2, n(= 4),

0 S S i i - S S Y the explanations in previous Notes, that an average of three such cards to each peration (not however o cach
1. By, By. Weren = 5, the additional datum By would be needed. Were n = 6, the datum By would be necded;

The notes are signed A. A. L., Note G A. L. L.
Text and diagram in the public domain.

ofthe data
periodicll o eceive the inite increment unity.
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